If ƒ is a homomorphism of the group G, and if g is an isomorphism of the image group G f , then f g is a homomorphism of G too ; and this homomorphism is an isomorphism if, and only if, ƒ is an isomorphism. Consequently the following three properties of the group G imply each other.
(
1) Homomorphisms of G upon isomorphic groups are isomorphisms. (2) Homomorphisms of G upon itself are isomorphisms. (3) If N is a normal subgroup of G such that G and G/N are isomorphic, then N= 1.
Groups meeting these requirements (1) to (3) shall be termed Q-groups. A direct product of an infinity of isomorphic groups different from 1 is certainly not a Q-group. On the other hand it is readily seen that groups satisfying the ascending chain condition for normal subgroups are Q-groups. Deeper is the fact that the group G is a Q-group if it belongs to one of the following three classes of groups.
(a) Free groups on a finite number of generators.
1
(b) Groups of finite dimensional matrices with coefficients from a field, which are generated by a finite number of elements.
2
(c) Free products of a finite number of abelian groups each of which is generated by a finite number of elements. 8 All these groups are generated by a finite number of elements. But we are able to show that this latter condition is neither necessary nor sufficient for a group to be a Q-group. The complexity of the situation is increased by the fact that neither subgroups nor quotient groups of (?-groups need be Q-groups. Thus it becomes desirable to obtain general criteria for a group to be a Q-group, and this is the main object of the present note.
The subgroup S of the group G shall be termed completely characteristic, if S = S f for every homomorphism f of G which satisfies G=^G f . Examples of completely characteristic subgroups are the commutator subgroup of G and its generalizations. If G happens to be a Q-group, then every characteristic subgroup of G is completely characteristic. THEOREM 1. The group G is a Q-group if there exists a well ordered ascending chain of completely characteristic subgroups S v with the following properties.
(i) So = 1 ; Sk = G for some k.
(ii) S v +i/S v is a Q-group for every v<k.
(iii) If v is a limit ordinal, then every element in S v is contained in some Su with u<v.
PROOF. Suppose that ƒ is a homomorphism of G satisfying G -G*, and that N is the kernel 4 of this homomorphism ƒ. We are going to prove by complete (transfinite) induction that the crosscut 5 of N and S v is 1. Since this assertion is certainly true for v = 0, we may assume its validity for every u<v.
Case 1. v=*u+l is not a limit ordinal. Then we infer from our induction hypothesis that iVP\5 tt = l. We deduce furthermore S V = S! and Su -S^ from the fact that the subgroups 5 are completely characteristic subgroups of G and that G = G / . Thus ƒ induces a homomorphism of S v /S u such that S v /S u = (Sv/S u ) f * But Sv/Su is by (ii) a Q-group and ƒ consequently induces an isomorphism in Sv/Su» If x is an element in the crosscut of N and S Vf then (S u x) f -Su-Hence S u x=*Su and x is in 5". But the crosscut of S u and N is 1, proving x = 1. Thus Nr\S* = 1.
Case 2. v is a limit ordinal. If x belongs to S v r\N, then x belongs by (iii) to 5 u HiV for u<v. Hence x = 1 may be inferred from the induction hypothesis, showing again that NC\S V^\ .
Thus it follows in particular that N=Nr\G = Nr\Sh = l, proving that ƒ is an isomorphism, as we desired to show.
The subgroup S of the group G has been termed strictly characteristic? if S f^S for every homomorphism f of G satisfying G* -G. The members Z V (G) of the ascending central chain of the group G are strictly characteristic subgroups of G. To prove this it suffices to recall their inductive definition.
is the (set theoretical) join of the subgroups Z KU {G) for u<v.
Let us note that the group G is termed nilpotent^ if there exists an ordinal % such that G ~Z g (G) .
The members of the ascending central series, though strictly characteristic, need not be completely characteristic. This will be apparent from the following example, 9 which shows at the same time the impossibility of substituting "strictly characteristic" for "completely characteristic" in Theorem 1.
Let B be an abelian group of type £°°. Then B contains one and only one subgroup Bi which is a cyclic group of order p\ and every element in B is in at least one Bi. Denote by G the group obtained by adjoining to B an element g subject to the relation gT*xg = x l+p for x in B. It is readily seen that Bi = Zi(G) for finite i, that J5 = Z«(G) and that G -Za+iiG). Thus G is nilpotent and the quotient groups of successive terms in the ascending central series are cyclic groups (and therefore Q-groups). But G is not a Q-group, since G and G/Bi are clearly isomorphic groups.
COROLLARY. If G is a nilpotent group and if every Z v +i(G)/Z v (G) is a Q-group, then the following condition is necessary and sufficient for G to be a Q-group. Every Z V (G) is a completely characteristic subgroup of G.
The sufficiency of this condition is an immediate consequence of Theorem 1; its necessity may be derived from the fact that every characteristic subgroup of a Q-group is completely characteristic. The impossibility of omitting this condition from the statement of this corollary is a consequence of the considerations immediately preceding this corollary.
LEMMA. If S is a strictly characteristic subgroup of the group G, and if G/S is a Q-group, then S is completely characteristic.
PROOF. If ƒ is an endomorphism of G such that G-G*, then S f S S and an endomorphism of G/S upon itself is defined by mapping the coset X in G/S upon the coset SX f in G/S. Since G/S is a Q-group, it follows that this endomorphism of G/S is an automorphism. From this fact we conclude that the element x in G belongs to S if, and only if, x s belongs to S. But to every element y in S there exists an element z in G such that z f =y; and from the preceding remark we infer now that z belongs to 5 too, proving S=*S f , as we desired to show.
The next criterion is an almost exact dual to Theorem 1 with the important difference that we need only consider strictly characteristic subgroups.
THEOREM 2. The group G is a Q-group if there exists a well ordered descending chain of strictly characteristic subgroups S v with the following properties.
(i) So = G; Sfc = l for some ordinal k.
ii) S v /S v +i is a Q-group for every v<k. (iii) If v is a limit ordinal, then S v is the crosscut of the subgroups S u foru<v.
PROOF. If the homomorphism ƒ of the group G satisfies G = G f , then we are going to prove the following assertion by complete (transfinite) induction with respect to v.
v) S v = £ƒ and ƒ induces an isomorphism of G/S v .
Since this assertion (u) certainly holds true for w = 0, we may assume its validity for every u<v, in order to prove (v). We distinguish two cases.
Case 1. v = u + l is not a limit ordinal. Then we infer from the induction hypothesis that S u = S" and that ƒ induces an isomorphism in G/S u . Since S v is strictly characteristic, we have S/^S». If X is a coset in S U /S V1 then mapping X upon for u<v. From the induction hypothesis we infer that ƒ induces an isomorphism in G/Su for u<v. Since ƒ maps the coset S U X of G/S u upon the identity of G/S U1 it follows that XSS U for u<v, and we infer from (iii) that X^S V -Thus ƒ induces a proper automorphism of G/S v ; the fact that S v = Sf is verified as in Case 1.
Thus we have verified (v) for every v^k. From condition (i) and proposition (k) we infer finally that ƒ is an automorphism of G, as we desired to show.
To enunciate two important consequences of this theorem we need the descending central series of G, whose members V G are denned inductively as follows:
V+1 G is generated by all the commutators x~ly~lxy for x in G and y in V G.
It is readily verified that v G f^v G for every endomorphism 10 ƒ of G; that is, the subgroups V G are fully invariant, 11 and they are both completely and strictly characteristic subgroups of G. This descending central chain certainly meets the requirement (iii) of Theorem 2, and thus we obtain the following criterion. An abelian group is certainly a Q-group if it is generated by a finite number of elements. It is well known furthermore that ^I^G, for finite i, is generated by a finite number of elements if G is generated by a finite number of elements. Thus the following fact is a special case of Corollary 1. COROLLARY 
12 The group G is a Q-group if it is generated by a finite number of elements, and if
If F is a free group, then Magnus 18 has shown that "F = 1, and thus the last criteria are generalizations of the theorem 14 that free groups on a finite number of generators are Q-groups.
In order to apply Theorem 2 to abelian groups we introduce some notations. If A is an abelian group, then denote by F P (A) the set of all the elements in A whose order is a power of the prime number p. Clearly F P (A) is a fully invariant subgroup of A. The product F(A) of all the F P (A) is their direct product and consists of all the elements of finite order whereas A/F(A) contains no elements of finite order except 1. (A) , the hypotheses of Theorem 2 are satisfied by this descending chain of subgroups, proving the validity of our present contention.
Let us note that F P (A) is a Q-group if it is finite, and that F/F(A) is a Q-group if it is of finite rank, that is, if there exists an integer k such that every subgroup of F/F(A) which may be generated by a finite number of elements may also be generated by k elements. Combining Corollaries 1 and 3 and the preceding remarks it is easy to construct any number of examples of Q-groups that cannot be generated by a finite number of elements.
Examples. 1. It is known that the free group on two generators contains a free group on an infinity of generators as a subgroup. 15 The former group is a Q-group, the latter is not. This shows that not every subgroup of a Q-group need be a Q-group.
2. The additive group R of the rational numbers cannot be generated by a finite number of elements. But R is a Q-group. For if R is considered modulo a subgroup different from 0, then all the elements in the quotient group are of finite order. If / is the subgroup of the integers in R, and if E is the subgroup of the even integers in R, then E^J and R/J and R/E are isomorphic groups so that R/E is not a Q-group, showing that quotient groups of Q-groups need not be Q-groups.
3. We are going to construct an example of a group G with the following properties.
(a) G is generated by two elements.
Here we denote by G f the commutator subgroup of G, by G" the commutator subgroup of G', and by (G, G") the subgroup generated by all the commutators x~~ly~lxy for x in G and y in G". This example shows that Corollary 2 of Theorem 2 is in certain respects a "best" result.
To construct the group G we proceed as follows. Let F be a free group on two generators and denote by u, v a free pair of generators of F. Then F/F' is the free abelian group of rank 2. The group F'/F" u For example, the commutator subgroup.
may be shown to be a free abelian group, a basis of which is given by the elements for integral i,j. We put iV= (F, F"). Then F"/N is part of the center of F/N; it is a free abelian group, generated by the elements (commutators) ajxïj'XijyKïj')-1 .
Every subgroup of F"/N is a normal subgroup of F/N, since F"/N is part of the center of F/N. We denote by U the subgroup of F generated by N and the elements (0, j)(0, j')(0 9 j)" 1^, j')~l f°r a H positive j, j', and we denote by V the subgroup of F generated by N and all the elements (0, j)(0, j')(0, j)-x (0, j')"* 1 îorj,j' not negative. It is clear that U and F are normal subgroups of F and that
We are going to prove now that G -F/V is the desired group. It is immediately clear that conditions (a) and (b) are satisfied by G. To prove (c) we construct an automorphism of the group F which maps V upon U. There exists one and only one automorphism ƒ of F which maps u upon uv and v upon v. We have From the preceding arguments one deduces readily the noteworthy fact that the ascending chain condition is not satisfied by the normal subgroups of a nonabelian free group.
Dualizing the concept of a Q-group we define as an S-group a group G meeting the following requirement.
5) If the subgroup S of G is isomorphic to G, then S = G.
It is readily seen that every group satisfying the descending chain condition for subgroups is an 5-group. An example of an S-group not satisfying this chain condition is the additive group of rational numbers.
To enunciate conveniently a criterion for 5-groups we need the following concept. The subgroup C of the group G is said to be an S-characteristic subgroup of G if C f^C for every isomorphism ƒ of G into itself. Clearly every fully invariant subgroup is S-characteristic and every ^-characteristic subgroup is characteristic. If G happens to be an 5-group, then conversely every characteristic subgroup of G is ^-characteristic. But it follows from (ii) that N(v)/N(u) is an S-group. Hence (N(v)/N(u)Y = N(v)/N(u) or N (v) = N(yYN(u) = N(vYN(uY =.N(vY, as we 
f is a consequence of (i).
We are interested in the relations between Q-groups and 5-groups. There are groups that are both, like the finite groups or the additive group of rational numbers. Any direct (or free) product of an infinity of isomorphic groups (F^I) is neither. The infinite cyclic groups are Q-groups, but not 5-groups, and the abelian groups of type p™ are 5-groups, but not Q-groups. Thus the following theorem seems to be of some interest. Thus every coset of G/L contains one and only one element of the subgroup V of G, proving that V and G/L are isomorphic. But G/L and G are isomorphic and G is an S-group, proving that F=G. This implies finally L = 1, showing that G is a Ç-group.
It is apparent from the proof of this theorem that it remains valid if we substitute for the hypothesis that F be a free group the following assumption :
If M and N are normal subgroups of JF, if N g M, and if g is an isomorphism of F/N upon F/M, then there exists an endomorphism ƒ of F, satisfying X° « MX'
for every coset X of F/iV. It has been shown that the properties (1) to (3) may be deduced (a) from the existence of an ascending chain of completely characteristic subgroups, meeting certain requirements (Theorem 1), and (b) from the existence of a descending chain of strictly characteristic subgroups, satisfying certain conditions (Theorem 2). But these properties (a) and (b) are not independent. For the following correspondence between subgroups maps every ascending chain of completely characteristic subgroups upon a descending chain of strictly characteristic subgroups. If S is a subgroup of the group G } then let 5* be the centralizer of S in G, which consists exactly of those elements in G commuting with all the elements in S. To substantiate our contention we enumerate a number of properties of this operation.
(1) If S ^T, then T*£S*.
(2) If 5 is the (set theoretical) join of the subgroups S V1 then S* is the crosscut of the subgroups S*.
These two properties are immediately obvious. It should be noted, however, that neither the dual nor the converse of (2) is true.
